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Introduction

AMANEUVER-DEPENDENT stability control system is
proposed. The system is essentially an algorithm which

computes the optimal output controls that satisfy predeter-
mined stability requirements for aircraft performing
maneuver due to input pilot command. Linear filter theory
together with a model following technique are employed. The
optimal control vector is obtained by minimizing a quadratic
performance index in the state vector estimate error and the
control vector (minimum control effort). A first-order per-
turbation approach is used to change the eigenvalues of the
model to the desired ones by changing the elements of the
model coefficient matrix (stability derivatives), thus con-
trolling the aircraft stability.

Filtering and Model Following
The linearized equations describing the continuous state of

the aircraft are

(1)

where
x=the state vector of dimension n
u = the control vector of dimension m
w — the process noise vector of dimension /
y = the measurement vector of dimension p
v = the measurement noise vector of dimension/?

A,B,C, and Mare constant coefficient matrices of dimensions
(nxn), (nxm), (nxl), and (pxn), respectively.

The objective is to find out the optimal control vector in
such a way that the response of the actual dynamic system
(aircraft) follows the response of a model system defined in
the continuous state by

dc=Acdc (2)

where the subscript m denotes the model system, the subscript
c denotes command input, and 5C is the command input vector
of dimension q. The actual and model state vectors are of the
same dimension. It is the discrete forms of the state and
model equations that we are interested in rather than the
continuous forms. Equations (1) and (2) may thus be written
in discrete forms as l

xk+] = +Lfc ( A/) w* + Gk (Af)

yk=Mkxk + vk

and

<3a)

(3b)

(4a)
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(4b)

where At is the sample time interval (tk+1-tk)\ (j>k(At),
¥k (A/) , and \k (A/) are the transition matrices for the actual
state, the model, and the command input equations,
respectively. The matrices Lk ( At), Gk (A/) , and Hk (At) are
given by

Lk(At)uk = \ <j>(tk+J,T)B(T)u(T)dT
Jk

(5a)

(5b)

(5C)

The performance index most suited for the present problem
is a penalized quadratic difference between the actual state
and the model state together with a penalized quadratic
control effort, i.e.

(xk -xm, ) + uT
kUkuk (6)

where xk is the optimal estimate of the state vector based on
the obtained measurement vector y\ and Sk, Uk are positive
definite symmetric weighting matrices.

The model following problem is essentially composed of
two problems to be solved in sequence. The first one is a
filtering problem where the best estimate of the actual state
variables are to be determined from noisy measurements. The
second problem is an optimal control problem where the
performance index given by Eq. (6) is to be minimized.2>3

Following the discrete Kalman filter' approach, for zero
mean white process noise wk with covariance Qk and zero
mean measurement noise vk with covariance Rk, the unbiased
optimal linear estimator takes the form

= (I-KkMk)xk ( - ) +Kkyk (7)

where / is the identity matrix, and Kk is the Kalman gain
matrix given by

Kk=Pk( -)Ml[MkPk( -)Ml + R k ] ~l (8)

Pk( — ) is the error covariance matrix of the estimate xk ( — )
and is given by E[xk ( — ) xk ( — ) ], where xk ( — ) is the
difference (error) between the estimated state vector xk ( — )
and the actual state vector xk ( — ) .

The preceding expression for the Kalman gain matrix is
based on the assumption that both process noise and
measurement noise are uncorrelated. The unbiased linear
estimator given by Eq. (7) describes the updating of the state
vector estimate at a particular interval of time tk. The ex-
trapolation of the state vector estimate along successive time
intervals could be obtained from Eq. (3a) as

*k(-) =<t>k-iXk-i( + ) + L k _ i U k _ j ( - f ) + G k _ i W k _ j ( + )(9)

with error covariance matrix in extrapolated form:

Pk(-)=<t>k.iPk-,( + )<}>T
k-,+Lk_,Rk_ILT

k_l

+ Gk_1Qk_1GT
k_I (10)
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Substituting the state estimate extrapolation expression Eq.
(9) into the estimator form Eq. (7), we get

x [Lk_1uk_1

(I-KkMk)
] +Kkyk (11)

Equation (11) gives the extrapolation expression of the state
vector estimate of the system discrete form given by Eq. (3).
Let us define the model following error vector by e^ :

(12)

Subtracting Eq. (4a) from Eq. (1 1) and making use of Eq. (12)
we get, after rearranging,

+ TkLk_1uk_1

Wk_1+Kkyk-Hk_1bCk_l

where

Tk=I-KkMk

(13)

(14a)

(14b)

(14c)

(15)

The optimal control vector can be obtained by ordinary
calculus; i.e., taking dJk/duk = 0 after some manipulations we
get

(16)

The performance index, Eq. (6), may be written as

k_} +Kkyk -

The actual and model systems are both stationary, therefore
their transition matrices are given by

(17)

A/ is the sample time interval (tk+1—tk).

Stability Control
The stability control (augmentation) technique is essentially

a model following technique with stability and handling
requirements embodied in the model equations. Since the
eigenvalues of the coefficient matrix determine the stability
status of the system, therefore, controlling the eigenvalues,
i.e. changing them to the desired values,, leads to stability
control. The only way to change the eigenvalues is to change
some or all of the elements of the coefficient matrix. In the
stability augmentation sense, the model state is the one that
describes the desired performance. This suggests that the
model coefficient matrix Am be written in the modified form

(18)

where ;4jJ,is the standard coefficient matrix (with no stability
control), and (AAm)s is a controllable differential (nxn\
matrix whose elements A#,y (ij =!,...,«) are functions of AX5
(s =!,...,«). AX5 is the difference between the desired
eigenvalue X5 and the standard one \°s.

For the model state equation, the eigenvalues of their
coefficient matrix are the roots of the equation

(19)

which is an rtth-order algebraic equation in X.
Equation (19) may be written more conveniently in

polynomial form as

(20)

where the vectors oc and co are defined by

a r= [7 an_j oin_2' " "Oij a0]

The vector a is a function of the elements of the model
coefficient matrix Am. Any of the matrix eigenvalues will be
changed from its standard value X ( 0 ) to the modified value
X = X ( 0 ) + AX when any or all of the elements of Am change
from au to au — a^0) + A0/y ( ij = 1 ,...,«). Taking the first-
order variation of Eq. (20), we get, in expanded form,

X [ X < ° > +AX] + =0 (21)

Since the reference (standard) values satisfy Eq. (20), Eq. (21)
reduces to

Solving Eq. (22) for Aa/;/ we get

(U=l,...,n) (22)

(ij = l,...,n) (23a)

4- (n-2)\«»n-3 ( d c x n _ 2 / d a i j ) + . . . + (3<x,/dau) (23b)

i,j=l,...n) (23c)

+ ...+«? (23d)

The system eigenvalues may be real or complex, but aijt
Afl,y, and a. are real. Separating real and imaginary parts of
Eq. (21) we get after some manipulations,

(24a)

(24b)

(24c)

(24d)

(24e)
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Fig. 1 Stability-controlled control loop.

where subscripts R and / denote real and imaginary parts,
respectively.

For a particular aircraft the choice of the change in one of
the model eigenvalues is based on its performance

capabilities. Once AX is specified, the elements of the dif-
ferential matrix AAm could be computed from Eq. (24).

The model transition matrix that should be used in the
expression for the optimal control vector, Eq. (16), is thus

f**=exp [/!,„+

A block diagram for the proposed control loop is shown in
Fig. 1.
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Teckiicai comeiis
Comment on "Simplified Methods of
Predicting Aircraft Rolling Moments

Due to Vortex Encounters"

Alexander H. Flax*
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THE simple formula derived by Barrows1 relating the
aerodynamic rolling moment according to strip theory to

the rolling moment according to lifting-line theory for a wing
of elliptical planform subjected to an arbitrary antisymmetric
angle-of-attack distribution is a long-established and well-
known result in wing theory.2'3 Extensive applications of this
formula to stability and control and to aeroelasticity have
been given in the literature.4"7 There is a similar formula2 '3
for the lift on an elliptic wing due to an arbitrary symmetric
angle-of-attack distribution. These special results for the
elliptic wing follow from the fact that for this planform all the
coefficients of the Fourier series for spanwise circulation
distribution in lifting-line theory may be determined explicitly
and exactly by quadrature without solving simultaneous
equations (which in principle are infinite in number). As is
well known in lifting-line theory, for all planforms the total
lift depends only on the first Fourier coefficient, whereas the
total rolling moment depends only on the second coefficient.

The approximate formulas for rolling moments of linearly
tapered wings in Ref. 1 correspond to results originally ob-
tained by Victory and quoted in Ref. 7. As shown in Victory's
results (and indicated in Barrow's work as well), the relation
between rolling moment from strip theory Mr and the rolling
moment M'r according to lifting-line theory is

M;
Mr

1
(1)

where /R is the aspect ratio and the exact value of c is 4 for the
elliptic wing in all cases of antisymmetric loading. For other
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wing planforms, c is a function of both the planform and the
loading so the formula is of much less general utility for these
cases. For example, for linear antisymmetric angle-of-attack
distributions, c varies from 3.15 to 6.03 as the wing taper ratio
X (equal to the ratio of tip chord to root chord) varies from 0
to 1.0, whereas for cubic antisymmetric twist, c varies from
2.13 to 7.65 as X varies from 0 to 1.0. These values indicate
that over the full range of X, differences in loading may alter c
substantially.

There is, in fact, a development of lifting-line theory by
Sears7 in which the solution of the problem for any wing
planform is made mathematically equivalent to the solution
for the elliptic wing in that the spanwise circulation
distribution may be given explicitly as a series of terms, each
of which can be expressed independently of the others so that
simultaneous equations need not be solved for each new
distribution of imposed angle of attack. For tapered plan-
forms, the Sears solution is of form

*• CA' = qSbr * (2)

where q is the dynamic pressure, 5 is the wing area, a is the
imposed angle of attack, and the angle T is related to the
spanwise coordinate^ b y y = Z?/2cosr, b being the wing span.
The functions <pn (T) , of which there is a denumerably infinite
set for any given wing-taper ratio, are eigenfunctions of the
homogeneous linear integral equation obtained by omitting
the term in geometric angle of attack from the integral
equation of lifting-line theory. cn increases monotomically as
n increases and is, to within a multiplicative constant
depending on taper ratio, the negative of the eigenvalues
corresponding to <pn. mn ls effectively a rolling-moment
coefficient corresponding to circulation distributed
proportional to <pn (T) . [In fact, in analogy to the elliptic case
in which the spanwise circulation T( r ) = 2bU0LAns'mnT, for
the more general case r = 2bU0Ean<pn (T) .]

For wings with linear taper in planform, Sears has given
numerical values for a representative set of taper ratios; thus
cn and mn may readily be found. Unlike Eq. (1), Eq. (2)
admits no simple relationship between the value of rolling
moment obtained from strip theory and the value from lif-
ting-line theory. Moreover, if a(r) is orthogonal to all values
of <pn except, say, <pm, then the summation contains only a
single term, the rath, and the value of cm in the denominator


